INTRODUCTION
In a series of recent papers, certain techniques that have proved valuable in the study of the lattice of varieties of completely regular semigroups (see Pastijn [12] , Polak [20] , Petrich and Reilly [16, 17] ) involving the existence of certain complete congruences have been extended, first to the lattice of e-varieties of regular semigroups (Reilly and Zhang [24] ) and then to the study of the lattice £(F) of pseudovarieties of finite semigroups (Auinger, Hall, Reilly and Zhang [4] ). In particular, it is shown in [4] that there exists a family of complete congruences of the form: This introduces an interesting interplay between the lattice theoretic structure of £(F) and the Mal'cev product and leads naturally to the study of operators on £(F) of the form V -> P o V. This study was pursued by the present authors in [25] . Operators on £(F) of the form V -> V f l W, for certain special pseudovarieties W , such as the pseudovariety of groups, bands, et cetera also play an important role in the study of £(F) and are the main focus of this paper.
In the main result, in Section 3, we show that the mapping v -> v n w (ve£ (F)) is a complete endomorphism of £(F) for a certain family of pseudovarieties W , the most interesting of which is, perhaps, the pseudovariety of bands. It is also shown that the mapping v -» v n CR 208 N.R. Reilly and S. Zhang [2] is a complete endomorphism on the sublattice of £ ( F ) consisting of those pseudovarieties in which the union of the subgroups of any member is a subsemigroup. These observations will be used by the authors in a subsequent paper to study the operators of the form V^P o V referred to above.
PRELIMINARIES
All semigroups considered in this paper are finite. We denote by F the class of all finite semigroups. A pseudovariety is a class of finite semigroups which is closed under taking finite direct products, subsemigroups and homomorphic images. For elementary notions and results on semigroups and pseudovarieties, the reader is referred to the books of Almeida [2] , Clifford and Preston [5] , Eilenberg [6] , Howie [9] and Pin [19] . For basic information on lattices, the reader is referred to Gratzer [7] .
Let 5 e F . For x £ S (respectively, X C 5 ) we denote by (x) (respectively, (X)) the subsemigroup of S generated by x (respectively, X). We denote by E(S) the set of all idempotents of S.
Since J -D in any finite semigroup (see Howie [9, Proposition II.1.5]), we shaU always write J in preference to T>.
A semigroup 5 is a completely regular semigroup if it is a union of groups, equivalently, if each W-class of S is a group. A completely regular semigroup for which E(S) forms a subsemigroup is an orthogroup and a completely regular semigroup for which H is a congruence is a cryptogroup. If 5 is both an orthogroup and a cryptogroup then it is an orthocryptogroup.
In a completely regular semigroup S, we use the following notation. If x E 5 , then x~l is the inverse of 5 in the maximal subgroup of 5 containing x. In addition, let
For any nonempty subclass A of F, we shall denote by (A) the pseudovariety generated by A. In the case A = { 5 } , where S 6 F , we simply write (5) instead of {{S}).
For any pseudovariety U of finite semigroups, the class of all subpseudovarieties of U forms a complete lattice under inclusion, and is denoted by £(U). In particular, £(F) is a complete lattice under inclusion (see Eilenberg [6] or Pin [19] ).
The concepts of implicit operations and pseudoidentities are important tools in the study of pseudovarieties. We refer the reader to Almeida [2] and Pin [19] for their basic properties and for a discussion of Reiterman's Theorem [26] which states that every pseudovariety is uniquely determined by the pseudoidentities that it satisfies.
One implicit operation of particular importance is the operation in the group kernel of (x). We list some pseudovarieties of finite semigroups that will be used in this paper: The reader is referred to Almeida [2] , Eilenberg [6] , Howie [9] , Pin [19] , Hall and Jones [8] and Petrich and Reilly [18] for some well-known relationships among the above listed pseudovarieties, such as SG = S V G, OBG = G V B .
We introduce an operator L on C(F) as follows. For any U 6 £(F), let 
SOME COMPLETE ENDOMORPHISMS OF £(F)
In this section we shall show that some mappings induced by taking intersection with subpseudovarieties are complete endomorphisms of £(F). We shall require some preparation. 
is an endomorphism of L; In particular, if U , V G £ ( C R ) , we let U O C R V = ( U o V ) n C R . In general, U o V is not a pseudovariety (see [11] ).
In [13] , F. Pastijn established the analogue of Polak's Theorem (see [20] ) for pseudovarieties of finite completely regular semigroups. Define relations K and T on £ ( C R ) by
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700033888
N.R. Reilly and S. Zhang [6] LEMMA 3 . 3 . [13] (i) K and T are complete congruences on £(CR);
(ii) K D T = i, the identity relation.
Since K and T are complete congruences on £(CR) it follows that the K-and T-classes are intervals. For any V 6 £(CR), we write: As in [7] , an element a in a lattice L is neutral if the mapping
is a monomorphism of L onto a subdirect product of (a] and [a), where (a] and [a) denote the ideal and filter of L, respectively, generated by a. is an endomorphism of L; (c) T i e mapping
is an endomorphism of L.
In [10] , Jones showed that every variety of normal bands is neutral in the lattice £ O (CR) of all varieties of completely regular semigroups. With the assistance of Polak's representation of £ B (CR) (see [20] ), Pastijn established the modularity of £,(CR) in [12] (see also [18] ). The first author [22] and Trotter [27] then established the neutrality of many varieties in £,,(CR). The modularity of the lattice £(CR) of pseudovarieties of finite completely regular semigroups was established by F. Pastijn in [13] . The discussion of neutral elements of £ O (CR) in [22] and [27] then carries over with few changes to £(CR). In this way we obtain In [23] , the first author studied the varieties of completely regular semigroups generated by members of DCh. Since all the relevant examples in [23] are finite, the next result carries over to pseudovarieties. Thus R G D C h and, since C a tp = D a , it follows that <P\R is surjective. u at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700033888 [9] Complete endomorphisms of the lattice of pseudovarieties 215 LEMMA 3 . 1 1 . Let U , V e £ ( F ) and let S £ D C h be such that S £ U W . Then 5 e (u n DCh) v (v n DCh).
PROOF: By the hypothesis, there exist U £ U, V € V, a subsemigroup P of U x V and a surjective homomorphism ip : P -> 5. By Lemma 3.10, there must be a subsemigroup R of P such that R G DCh and <P\R is surjective. There is no loss in generality in assuming that P -R and that R is a subdirect product of U and V. This implies that U and V are both homomorphic images of R, which clearly implies that U,V £ DCh. This establishes the claim. D
We are now ready to prove the main result of this paper.
Let W e £(CR) have the following properties:
Then the mapping is a complete endomorphism of £(F).
Corollary 3.13 includes previously known examples such as W = G or CS or S (see [1] , [2] and [4] ) and some new examples such as W = B or B VCS(AG) or B VG or B V CS.
We conclude this section with an observation on the mapping XCR induced by taking intersections with C R .
Let S G F . Then S is called group closed if G r (S), the set of all group elements of S, is a subsemigroup (which then is clearly completely regular) of S. Denote the class of all finite group closed semigroups by GC. By [25 is always a pseudovariety. We refer the reader to [2] for the discussion of various examples. Note that our notation differs from that in [2] slightly, since we write £>RB where Almeida would write DA and we write DCS where Almeida would write DS.
It follows from the discussion in [23] 
